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Abstract

Necessary and sufficient conditions are established for cumulative processes (associated with
regenerauve processes) to obey several classical limit theorems, e.g., a strong law of large
numbers, a law of the iterated logarithm and a functional central limit theorem. The key random
variables are the integral of the regenerative process over one cycle and the supremum of the
absolute value of this integral over all possible initial segments of a cycle. The tail behavior of
the distribution of the second random variable determines whether the cumulative process obeys
the same limit theorem as the partial sums of the cycle integrals. Interesting open problems are
the necessary conditions for the weak law of large numbers and the ordinary central limit

theorem. (1"(» e
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1. Introduction

In this paper we establish necessary and sufficient (N&S) conditions for several limits to hold
for appropriately normalized cumulative processes (associated with regenerative processes), with
the emphasis being on the necessity. The limits we have in mind are the limits in the strong law
of large numbers (SLLN), the law of the iterated logarithm (LIL), the weak law of large numbers
(WLLN), the central limit theorem (CLT) and functional generalizations of these, denoted by
FSLLN and so forth; we define the versions we consider precisely in §2. The topic of this paper
is very close to classic results, e.g., see Gnedenko and Kolmogorov (1968). Hence, there is
considerable related literature. In particular, our paper extends Smith (1955), Chung (1967),
Iglehart (1971), Brown and Ross (1972), Serfozo (1972, 1975), Whitt (1972), Glynn and Whitt

(1987, 1988a,b) and Asmussen (1987).

We use thé ‘‘classical’’ definition of regenerative process throughout; i.e., the process splits
into i.i.d. cycles; cf. p. 125 of Asmussen (1987). For the necessity results, this is without loss of
generality. Let 0 <T(0) < T(1) <... denote the regeneration times, with 7(- 1) = 0.
Consider a stochastic process {X(r) : ¢t 2 0} with general state space and a measurable real-
valued function f. We assume that the process { X(¢) : t 2 0} is regenerative with respect to these

regeneration times, and we focus on the associated cumulative process C = {C(¢) : 120},

defined by
cw) = [ rxesnds. 120, (L1)
The key random variables associated with the cycles are
T, =TW) -TG=-1),
van = 17 fxends, (12)

W,(f) = oss‘,"s’r,”o FOX(TG = 1) + u))dul .
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By ‘‘regenerative structure,”” we mean that for any suitable f the three-tuples
(t,, Yi(f), Wi(f)) are iid. fori 2 1. We also assume throughout that ET; < e. In addition,
we assume throughout that

Io'lf(X(s));ds <w w.pl for each 1, (1.3)
which implies that the cumnulative process C has continuous sample paths w.p.1.

We shall consider the given function f and a centered function f. defined by
fo(x) = f(x) = o for a constant ¢, both of which are assumed to satisfy (1.3). When we write

Y, or W, we understand the function f to be the given one.

We are interested in N&S conditions for the cumulative process to obey the classical limit
theorems. For this purpose, it is natural to represent the cumulative process as a random sum of

i.i.d. summands plus two remainder terms. In particular,

cu) = jo'f(X(s))ds = Sy + Ry (1) + Ra(1) , 120, (1.4)
where
Sp =Y +...+Y,,n21, (1.5)

with S = 0, N = {N(r) : t 20} is the (possibly delayed) renewal counting process associated

with the regeneration times, i.e.,
N(t) = max{i: T(i) <t} ,120, (1.6)
and R; = {R;(¢) : t 2 0} are the remainder processes, defined by

- J'ominU.To

} 3
R, (1) f(X(s))ds and R:(1) = InNm)f(X(s))ds. t20. (1.7

Since ET| < oo, we have

t"'N(t) > A= 1/ET) ast = « w.p.1, (1.8)



which we will exploit frequently. Since |R;(1)| £ Wj, we see that the first remainder term
R, (1) in (1.7) is trivially dispensed with in limit theorems since it is bounded by a random
variable that does not depend on . A significant part of the analysis is finding what knocks out

the second remainder term R (1) in (1.7). Of course, the key relation here is
[R2(D)] S Wpnyy, 120 (1.9)

From (1.9) it is evident that we could just as well impose conditions on the supremum over the
integral from s to the end of the cycle instead of on W, (f). (This is to be expected since our

definition of regenerative process is time reversible.)

Given (1.4), it is interesting to compare N&S conditions for limit theorems for the cumulative
process C(t) with N&S conditions in the corresponding limit theorem for the random sums S y ;).
In turn it is interesting to compare the N&S conditions in the limit theorems for the random sums
SNy with the N&S conditions in the corresponding limit theorem for the ordinary partial sums

S, in (1.5). We state our main result in §3 so as to make these connections clear.

Here is how the rest of the paper is organized. In §2 we specify precisely what we mean by
the classical limit theorems. (It is important to note that there are several possible definitions.)
After we state the main results in §3, we establish some supporting propositions in §4. We
establish N&S conditions for the WLLN and a joint CLT for C and N in the case f is nonnegative

in §5. We then prove the main result in §6.

2. The Classical Limit Theorems

In this section we indicate precisely what we mean by the classical limit theorems. For this
purpose, consider a general stochastic process Z = { Z(¢) : ¢ 2 0} with real-valued sample paths
having limits from the left and right. (Note that we consider only one process rather than a

sequence of processes.) By (1.3), the cumulative process C actually has continuous sample paths,




but the random sums Sy(¢) and the partial sums S, do not. Discrete-time processes can be

regarded as the special case in which Z(r) = Z([¢]), where [¢] is the greatest integer less than or

equal to t.

We say that Z obeys a SLLN if there exists a constant o such that 17! Z(t) = ot as 1t = oo
w.p.l. We say that Z obeys a FSLLN if there exists a constant o such that, for each T with

0<Tc< oo,

sup |n"'Z(nt) =t 50 asn— oo wp.l. 2.1
0stsT

As in Theorem 4 of Glynn and Whitt (1988), such a FSLLN is actually equivalent to the ordinary
SLLN above, so we do not discuss it further. (To verify this, we use the existence of left and

right limits to conclude that Oglips’ll(s)l <o wpl for all ¢ eg, see p. 110 of
Billingsley (1968).)
We say that Z obeys an LIL if there exist constants o and f§ such that § 2 0 and
(Z(6) - a2yt v (- VB, VB] wp.1, 2.2)

where Lx = max{1, log.x}, Lyx = L;_;(Lx) and v denotes that the set on the left is
relatively compact with the set on the right being the set of all limit points of convergent

subsequences (withty — oo a5 k — o).

For the FLIL and FCLT we work in the function space D[0, «) with the usual Skorohod (/)
topology, see Billingsley (1968), Whitt (1980) and Ethier and Kurtz (1986). Following
Strassen (1964), we say that Z obeys a FLIL if there exist constants ot and f with 8 2 0 and a

compact set C in D[0, =) such that
(Z(nt) - ant)/\N2nLzn v VB C w.p.1 2.3

where convergence of a subsequence is understood to be in D[0, o) and the limit set C is the set




of all functions {x(¢) : ¢t 20} that are absolutely continuous with respect to Lebesgue measure

with derivative x’ (f) satisfying Io” x’(1)*dr < 1. (This is the standard limit set associated with

partial sums of i.i.d. random variables.)

We say that Z obeys a WLLN if there exists a constant o such that t! Z(1) = atast — o,
where = denotes convergence in law, which coincides with convergence in probability in this
case because o is deterministic. We say that Z obeys a FWLLN if there exists a constant o such

that

(Z(nt) — ont]/n = 0 in D[0, ) a8 1 = oo . (2.4)

We say that Z obeys a CLT if there exist constants o and B with § 2 O such that
(Z(t) - )Nt = VBN(0,1) as t = oo, 2.5)

where N(0,1) denotes a standard (mean O, variance 1) normal random variable. We say that Z

obeys a FCLT if there exist constants o and B with f 2 0 such that
(Z(nt) - ant)/Nn = VB B(t) in D[0,=) as n = oo, (2.6)
where B(t) is standard (drift O, diffusion coefficient 1) Brownian motion.

It is significant that in all the limit theorem above we have stipulated fixed normalization
constants. We always translate Z(¢) by ar. In the LLN, LIL and CLTs we always divide
Z(t) - o byt JZ:LT and Vr, , respectively. Moreover in the CLT we have specified that the
limit be standard normal. For partial sums of i.i.d. random variables, these assumptions are
known to significantly restrict the range of possibilities; e.g., see Gnedenko and
Kolmogorov (1968). For example, for partial sums of i.i.d. random variables, the CLT involves
the domain of normal attraction of the normal law, for which the N&S condition is for the
underlying distribution to have finite second moment; see p. 181 of Gnedenko and

Kolmogorov (1968).




3. The Main Result

In this section we state, wherever possible, N&S conditions for the three processes S,. Sy
and C(r) defined in (1.1), and (1.4)—(1.6) to obey the seven limit theorems: SLLN, LIL, FLIL,
WLLN, FWLLN, CLT and FCLT. (We have 1::dicated that the FSLLN is equivalent to the SLLN

in the setting of §2.)

To relate the limit theorems for the partial sums to the random sr'ms and cumulative
processes, we assume that the summands Y, are of the form Y;( f.) for an appropriate centering

constant . When E|Y(f.)| < oo, the parameter o« will be chosen so that £ Y, (f,.) = O.

We prove the following in §6. More results in the case fis nonnegative appear in §5.
Theorem 3.1. (a) For the WLLN and CLT, the N&S conditions for the random sums S y(,, and
the cumulative process C(t) are the same. For all other theorems, the N&S conditions for the

partial sums S, and the random sums S n,, are the same.

(b) The specific N&S conditions for the partial sums S, and the cumulative process C(t) are
given in Table 1, with a question mark indicating that the answer is unknown. Each established
N&S condition for the cumulative process is the N&S condition for the partial sum plus the

indicated extra condition.

(c) For the WLLN and CLT, the N&S condition for the partial sums S, is sufficient for the
random sums S y(,, and the cumulative process C(t). Moreover, these conditions are necessary
in the sense that there are examples for which the random sum and cumulative process limits do

not exist when these conditions are violated. (See Remark 3.2 below.)

(d) For the WLLN and the FWLLN, the centering constant o is necessarily the limit of

E[Y,;|Y,| St)ast = oo. Inall other cases it is necessarily EY, which is consequently finite.

(e) The normalizing constant B in the LIL, FLIL. CLT and FCLT must always be the variance




Var(Y, ), which is necessarily finite for those limits.

Remark (3.1) We conjecture that the N&S conditions for the partial sums S, in the WLLN and
CLT are also N&S conditions for the random sums S ;) and the cumulative process C(¢). This
would follow if the WLLN and the CLT in (2.5) for Sy, were equivalent to the FWLLN in (2.4)

and the FCLT in (2.6), respectively, for Sy, which we also conjecture to be true.

(3.2) The partial necessity result in part (c) of Theorem 1 is easily explained as follows: For
any distribution of Y,, we can construct a regenerative process such that N(r) = [1],

Ct]) = Sney = Sqy»and
Cy=Q=-r+UuDCI+ 0 -1tDCH)+ 1), 20, Aa.1)
where [¢] is the greatest integer less than or equal to ¢; in particular, just let
X(t) = Yy, 120. (3.2)

Hence, for the WLLN and CLT, the cumulative process C{t) and the random sum Sy, are
equivalent to the partial sum Sy,;. For such examples, the N&S condition for the partial sums

also obviously is the N&S condition for Sy, and C(¢).

(3.3) The SLLN result is due to Smith (1955); see Theorem 3.1 on p. 136 of Asmussen
(1987). The standard sufficient condition for the CLT is Var Y (f) < o and Var T, < oo, see
Theorem 3.2 on p. 136 of Asmussen (1987), which is stronger than our sufficient condition,
because we do not require that Var T, < oo; see Proposition 2 below. To see that we could have
Var t; = oo, suppose that Y,(f) = 1, + U, where Var U; < . Then Y,(f.) = U, and

Var Y (f.) <o fora = 1.

(3.4) The sufficient condition for the WLLN is weaker than E|Y,| < . Since

E|Y,| = IO-P(|Y1| > 1)dt, E|Y,| < oo implies that tP(|Y;| >1) > 0 as t & o For

example, if Y, has a symmetric distribution with P(Y; > t) = A/t(logt)? for p < 1, then the




conditions hold With E| Y, | = oo.

(3.5) To see that the established conditions on W, (f.) are needed in addition to the
conditions on Y, consider the following example. Let P(t; = 2) = 1 and let f(1) = Z; for
2k-2<t<2k—-land f(1) = = Z, for 2k — 1 St < 2k, where {Z, : k 2 1} is a sequence
of iid. random \variables. Then P(Y; =0) = P(S, =0 for all n) =1, while

C(2k - 1) = Z;, = W,. Then apply Propositions 5-8 below.

4. Supporting Propositions

In this section we present several basic propositions that help establish and interpret
Theorem 1. The first four propositions show how the conditions on
Yi(f)=Y,(f-o)=Y,(f) —at; in Table 1 relate to conditionson Y, (f), T; and .
Proposition 1. If E|Y,(f.)| < e holds for some o, then it holds for all o in which case
E Yl(fc) = EY](f) - aETl.

Proof. Note that
Elyl(f) - (!|T|| = ElY](f) - 0T+ (o - al)tll
< EIY](f) - a:T' + Ia: "'(XIlET]
andrecallthat ET) < . @
Proposition 2. A sufficient (but not necessarv) condition for E|Y (f)|IP < oo for p > 1 is to
have E| Y [ (f)|P < oo and E1§ < eo.
Proof. By Minkowski's inequality, p. 47 of Chung (1974),
(EIY1(fIIPIP = (E|Y((f) - oty [P)'P

S (EIY (NP + a(E))'P .
To see that the condition is not necessary, suppose that ¥, (f) = at;., ®
Proposition 3. .. WLLN holds for the partial sums of Y,(f.) for one a if and only if it does for

all o Moreover, the limit is ¥ for Y,(f — &,;). if and only if it is ¥ - (03 — O, A" for




Yi(f = ay)
Proof. Suppose that the WLLN holds for the partial sums of ¥,( f - o). Since £T; < oo, the

T, obey a WLLN t0o. By Theorem 4.4 of Billingsley (1968),

I mut), T = (AT asn o e,

1=1 =1

so that by the continuous mapping theorem with the function i(x, v) = x — (0tx — 0ty )y, we

obtain

n! i(yx(f) "(121,')=Y‘((12—(X1)K-l aSn —->oc0. N

1=1

As a corollary to Proposition 3, we obtain the following property of the N&S conditions in
the WLLN for the partial sums. A direct proof is also possible.

Proposition 4. (a) If
tP(|Y (f)]>1) > 0ast > o
for some o, then it holds for all o.
(b) If
E[Y () —out; |V (f)-oyty]|St] 2 yast— oo,
then
E[Y\(f) =m0t jYi(f) —aat) | St] oy~ (@a—0))A" as 1 = .

Proof. We use Proposition 3 plus the fact that the conditions in Proposition 4 are known to be

N&S for the WLLN for partial sums of i.i.d. random variables; see p. 235 of Feller (1971). m

The conditions on W, (f.) in Table 1 can be established, explained and applied via the
following propositions.

Proposition S. Let (Z, :i2 1) be a sequence of i.i.d. random variables and let ¢(1) be u
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deterministic function of t such that ¢(t) = o ast = o. Then

o(n)”! max {|Z,]} =0 asn o 4.1)

if and onlv if
tPUZ] >0()) >0 ast = oo . (4.2)
Proof. Note that
P( max {|Z;|} >ed(n)) =1 - F(ep(n)" .

1€t<n
where F(x) = P(|Z,| < x), so that (4.1) holds if and only if, for each € > 0, F(e¢(n))" — 1
or, equivalently,

nlog(l - F(ed{n)) > 0asn = oo, 4.3)

where F(x) = 1 - F(x). Since F°(e¢(n)) = 0asn — oo, we can apply Taylor’s theorem to
obtain
log(1 = FE(e0(n))) = = F(€4(n)) + O(F°(e4(m))?) .
Thus, (4.3) holds if and only if nF(ed(n)) — Oasn = . @
The following is a consequence of the Borel-Cantelli lemma; see Theorems 4.2.2 and 4.2.4 of
Chung (1974).

Proposition 6. Let {Z; . i 2 1} be a sequence of i.i.d. random variables and let a, be constants

such thata, — o« asn — o. Then the following are equivalent:

(i) Z,/a, 5 0wplasn > o
(it) max /'" 'Va, 3 0wplasn - o
1sksn

(iif) i P(1Z,]| > a,) < oo.

If these properties do not hold, then lim (Z,/a,)} = o w. p.l

n~be
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As a consequence of Proposition 6, we have

Proposition 7. In the setting of Proposition 6, if a, = n. then a further equivalent property is
E|Z|| < .

Proof. Asin Theorem 3.2.1 of Chung (1974),

T PUZ|2m)<EIZ | S1+ 3 P(Z,]2n). =
n=1

n=1

Proposition 8. Let ¢ be a constant, 0 < ¢ < 1. For any positive random variable Z,

P(Z2 >nl.n) <P ) >nj £ P(Z2 > cnlan)
Jor all sufficiently large n, so that
i P(Z > m) < oo
n=1
if and only if
,.g P %ZZ- >n| <o,

Proof. If (Z°/L,2Z) > n,thenZ® > n,sothat2LZ > Ln,L,Z > Lyn — L2 and
Z* > nL,Z > n(Lyn = L2) > cnlan

for all suitably large n. Next, note that g(x) = x2/L,x is increasing for all x large. Hence, if

Z% > nL.a, then

2
g(Z)=f22-—Z—>g(\/nL2n)= 3 = = l > L. =n

for all suitably large n. Hence, we have the desired inequalities. @&

We now show that the second remainder term R (f) in (1.7) is asymptotically negligible in
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the setting of the WLLN and CLT, because ET; < . The asymptotic negligibility follows from

convergence without further normalization, for which we must distinguish between the lattice and

nonlattice cases. Recall that the distribution of t is lattice if ¥ P(t = k8) = | for some §,
h=0

with the largest such & being the period; otherwise it is nonlattice.

Proposition 9. (a) If T has a nonlattice distribution, then R>(t) =»> R:(=) ast — oo, where

Ra(t)isin (1.7) and R1 (<) is a proper random variable with distribution function
P(R:() Sx) = A jO”P(Rz(r) <x;tT >0)dt. (4.9)

(b) If T has a lattice distribution with period O, then Ry (kd + y) => R,() as k = oo for

eachy, 0<y < § andosup 8{|R2(k6 +¥)|} = R'(c0) as k = oo, where R (o) and R" (e0)
y<

are all proper random variables.
Proof. (a) We apply the key icnewal theorem; see p. 120 of Asmussen (1987). For this purpose,
let g be a continuous nonnegative real-valued function of a real variable with g(r) < M for all ¢.

Note that E[g(R,(t))] satisfies a renewal equation, i.e.,

E[g(R2(D)] = E[gR2 (D115, >0] + [ EgR2(t - u)IP(T € dw) . (45)

Where 1, is the indicator function of the set A. Let z(t) = E[(g(R2(#))1 ¢, >, ]. We now show
that z is directly Riemann integrable, so that we can apply the key renewal theorem. For this
purpose, we apply Proposition4.1(ii) on p. 119 of Asmussen (1987). Since z(t) S M, the
function z is bounded. Moreover, b(z) = g(Rz(1))1 ¢, >, as a function of ¢ has a single
discontinuity at T for each sample path. Hence, the function b is continuous w.p.1 at all points ¢
for which P(t; =t) = 0. By the bounded convergence theorem, z(t) s Eb(t) is thus
continuous at all ¢ for which P(t, = 1) = 0. Since P(t, = t) = 0 for all but countably many

t, z is continuous almost everywhere with respect to Lebesgue measure. Next, let




Zp(6) = sup{a(y) :khsv<S(k+ 1)h) for kh<t < (k+ 1)h (4.6)

as on p. 118 of Asmussen (1987). Since z(1) < P(T) > 1),

Juzh(t)dls iP(T] >h) < e
0 k=0

by Proposition 7 above. Hence, we have shown that 7 is indeed directly Riemann integrable. The

key renewal theorem thus implies that Eg(R. (1)) — lfouz(u)du as t — oo. However, all
bounded continuous nonnegative functions g determine convergence, so indeed R2(t) = R (o)
as t — oo. Moreover, we can characterize the limiting distribution using these functions g, so

that (4.4) holds.

(b) The argument is essentially the same; we apply discrete-time renewal theory along

subsequences; see pages 8 and 121 of Asmussen (1987). Note that we have the renewal equations

k
P(Ry(kd +y) >x) = P(R2(k§ +y) >x, T, >k) + I P(R2((k = j)d + y)P(T| = j)

j=0
and
P( sup {|R2(k8 + y)|} >x) = P( sup {|R2(kd+ Y|} >x, T >k)
0sy<$ 0sy<d
k
+ 3 P( sup {[R2((k~j)8+¥)}>x)P(ty =j),

j=0 0sy<$

where
PR(kO+y)>x,T >k)SP(1, >k)

and

P(ossup 5{|R(l4:8+y)|} >x,T; >k)SP(Ty >k)

with i P(ty >k) <oosinCe ETy <. &
k=0
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Under our i.i.d. conditions, functional versions of the WLLN and CLT for the partial sums are
equivalent to the ordinary versions. For this purpose, we can apply Theorem 2.7 of Skorohod
(1957), which we now quote.

Proposition 10. (Skorohod (1957)) Let {U,, :i21} be iid for each n and let

{nt)
Z,(1) = Y U,.t20. Then

t=1
Z, (1) = Z(t) as n > o in D[0, =),

where Z has stationary independent increments, if and only if Z,,(t) => Z(t)asn = « in R for

eacht.

5. A Joint Central Limit Theorem

In this section we consider a joint CLT for the cumulative process C and the counting process
N. We obtain a necessity result in the case E|Y|| < o, which holds when f is nonnegative;
necessity in the general case remains open.
Remark (5.1) Even without the i.i.d. conditions, limits for the counting process N alone hold if
and only if the corresponding limit holds for the associated partial sums; see §7 of Whitt (1980),
Theorems 3 and 6 of Glynn and Whitt (1988a) and Theorem 1 of Glynn and Whitt (1988b). For
example, as a consequence, N satisfies a CLT if and only if E1? < . For this we apply
Theorem 6 of Glynn and Whitt (1988) and Theorem 4, p. 181, of Gnedenko and Kolmogorov

(1968). =

We start with a necessary condition for the WLLN when fis nonnegative.
Theorem 2. Suppose that f is nonnegative. Then a N&S condition for the WLLNs for S, S
and C(t)isE|Y | < eo.
Proof. If f is nonnegative, then Y, = W,, so that E|Y,| < o is sufficient for the three SLLNs

by Theorem 1. If fis nonnegative, then the N&S condition for the WLLN for S, in Table 1 is
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equivalent to E|Y,| < «. By Proposition 9, the WLLNs for Sy, and C(r) are equivalent.

Hence, suppose that C(¢) obeys a WLLN; i.e.,

! j'O'f(X(s))ds = as! = oo. S.DH

On the other hand, suppose that E|Y || = . Since we have f 2 0, we can apply the SLLN to

conclude that

n'lz}’,-(f)—aoow.p.lasn—)oo 5.2

(see Exercise 1 on p. 130, of Chung (1974)), from which we can deduce from the SLLN proof in

Theorem 1 that

! jo'f(X(s))ds ~ oo wplast— . (5.3)

(Recall that W, =Y, when f 20.) Hence, (5.1) cannot hold and we must have
E|lYi(f)| < =

Remark 5.2 An alternative approach to Theorem 5.2 (pointed out by A. Pukholskii) is to note
that the WLLN for C(¢) implies the FWLLN because the sample paths are nondecreasing. This

argument aiso depends critically on f being nonnegative.

We now state N&S conditions for the joint CLT.

Theorem 3. If E{13] < o and E{Y, (f)?] < s, then (C(z), N(1)) obeys a joint CLT, i.e.,
t=V2(C(t) — ot , N(t) = At) = N(0, ) as t = oo in R? (5.4)

where A = 1/E1,, o0 = AEY(f)and N(0, I) is a bivariate normal distribution with covariance

matrix elements £,; = AE[Y(f.)*],Z2» = A*Vart,and 2,5 = A E[Y(fo)1].

(b)IfE|Y,| < oo, then the joint CLT (5.4) implies that E[Y,(f)?] < = and E[1}] < oe.
Proof. (a) the sufficiency is a minor extension of Theorem 1 of Glynn and Whitt (1987). First,

by the multivariate version of Donsker’s theorem, the conditions imply a joint FCLT for the
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partial sums of (Y, (f),1,), i.e.,

e (ns} [nt]
nmE L TAY () - EY (), T, - ETy)

=] 1=1

= (B, (1), B;(1)) (5.5

in D{0, o) x D[0, ), where (B,, B:) is Brownian motion. Then by continuous mapping

arguments we obtain a joint FCLT for Sy, and N(¢). i.e.,

N(nt)
Y (Y, (f) — EY,(f)) . N(nt) - Ant

1=1

-172

n = (B (1).B2(1)) (5.6)

as n = oo in D[0, o) x D[0, ). The joint FCLT (5.6) is obtained in Glynn and Whitt (1987).
It in turn implies an ordinary CLT by applying the continuous mapping theorem with the
projection. This ordinary CLT is

N(1)
V2T (Y(f) - EYL (). N(1) = An) = N(0, I) (5.7

i=1
for the stated £. The result (5.7) then is equivalent to (5.4) because the remainder terms are

asymptotically negligible; i.e., by Proposition 9, 1=2R.(1) = 0 as 1 = «. Hence, (5.4)

follows from (5.7) and the converging-together theorem, Theorem 4.1 of Billingsley (1968).

(b) Turning to the necessity, we reverse the argument and note that (5.4) implies (5.7),
because the difference is asymptotically negligible, by virtue of Proposition 9. Now we apply
Theorem 7(a) of Glynn and Whitt (1988a), for which we use the assumption that E|Y;| < . It

implies that

n N(t) (Ar)
Y V(f) - 3 Vi(f)| > 0as 1> e, (5.8)

k=1 k=l
which with the converging-together theorem, Theorem 4.1 of Billingsley (1968), implies that the
partial sums of Y,(f.) obey a CLT. As before, Theorem4 on p. 181 of Gnedenko and

Kolmogorov (1968) then implies that E{ ¥ (f,)*] < e. By Remark 5.1, the CLT for N implies
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that E[T}] < oo. ®m

6. Proof of Theorem 1
(a) SLIN

The condition E] Y| < o is well known to be N&S for the partial sums S, in (1.5) to obey

the SLLN; see p. 126 of Chung (1974). Since

N(t) Swniy _ Snn
t Ny

6.1

(1.8) implies that the same condition is N&S for the random suns Sy(,,. Since
[C() = Syl S IRUOL + [R2(D] £ [Ry (D] + Whia (6.2)
by (1.4) and (1.7), and

N+l Waoer — Wane
t N@)+1 t

. (6.3)

Proposition 7 implies that E| Y| < o and EW, < = are sufficient for the cumulative process

C(t) to obey the SLLN.

Now we establish the necessity for C(¢). Suppose that 1! C(t) = yw.p.1 as t = v, where

0 < Y < 0. First, since

(T R\(T, Se
(Ty) - 1(Ty) . _L_E_ 6.4)
Te T, XK T,

and (1.8) is equivalent to k™' T, — A~! w.p.1 as k = oo, we see that then n~!S, = A~ !y
w.p.1 as n — oo, which implies that E| Y| < o andy = AE[Y,. Next suppose that EW, = oo.

Then, by Proposition 7,

lim n~'W,>0 wp.l, (6.5)

n ~=5es

(indeed, even lim n~! W, = e w.p.1) so that there is a sequence of random times {B, : k2 1}

n—>e
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suchthat T, <B, < T,, . and

kli_m B;! LB f(X(s))ds >0, (6.6)
SO that
o -1 B, . 1 T, A
i B jo f(X(s)ds > lim Ty jo f(X(s))ds = EY, ; 6.7)

i.e., then t~! C(r) fails to converge w.p.l as t = oo, so that assuming EW, = oo leads to a

contradiction. Hence, the SLLN for C(¢) implies that EW; < oo.
(b) LIL

The condition E[Yf(fc)] < oo is well known to be N&S for the partial sums of Y,(f.) to
obey the LIL with B = Var ¥,(f.); see Strassen (1966), Heyde (1968) and pp. 297-8 of Stout

(1974). Since

S _ SN 1Lyt 68)
N2N(OLaN()  N2tL, o [N L2 N(D)
and {1.8) implies thal
(Lot A last 6.9)
————— .p. — oo, .
N LN - w-p.-1 s

the LIL holds for the partial sums if and only if it does for the random sums; for Sy,

B = A VarY,(f.) By(6.2), we establish sufficiency for the cumulative process if we show that

w
—Ii(—””—(fcl -0 wplastf—oeo. (6.10)
\erz t
By (6.9), it suffices to show that
w
n{fe) - 0wplasn— o, (6.11)

NnLan




-19-

To establish (6.11), we use Propositions 6-8. Proposition 7 with the condition on W,(f,)

implies that W, (f.)/nL, W ,(f.) = Ow.p.l asn — o. Propositions 6-8 then imply (6.11).

Turning to the necessity, from the LIL for C(r), we obtain the LIL for the partial sums
themselves by considering the subsequence of times { T(n) : n 2 1}. By the known converse of
the LIL for the partial sums, we deduce that we must have E[Y%( fey] < oo. Finally, if the

moment condition on W, ( f,) is violated, then, by Proposition 7,

"glP-z-?—/—";—,—(n—%>n = oo . (6.12)
By Proposition 8, (6.12) implies that
n‘él P[W,.(ff) > «fnL—n] = o, (6.13)
i.e., by Borel-Cantelli,
lim M >0 w.p.l (6.14)

R—te \Jll Lz n
As in the necessity for the SLLN in (6.6) and (6.7), (6.14) implies that there are random times P
withT, <P, < T, ., suchthat

im ——— [ (X ds > fim —

lim —_—
SN LT,

T,
)" re(xtsnds = Var ¥,(f.) (6.15)

(c) FLIL

In our i.i.d. setting, the sufficient condition for the LIL implies the FLIL for the partial sums
of Y,(f.), see Strassen (1964). Since the FLIL implies the ordinary LIL, by virtue of the
continuous mapping applied to the projection at time 1, the N&S condition for the LIL for the
partial sums is N&S for the FLIL for the partial sums. By (1.8) the SLLN holds for N(r). As

before, the SLLN for N(r) is equivalent to a FSLLN of the form
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N(nnt) S ArwplinD[0,e)asn = o . (6.16)

Using the random ume change by N(nt)/n in D[0, =), which is a continuous map (see §17 of

Billingsiey (1968) or Whitt (1980)), we obtain

SN(nx)

Vanzﬂ

> C" wplin D{0,=) as n = o, (6.17)

where C’ is the set of v in D[0, «) such that ¥(r) = x(Af), t 2 0, for x in C, and C is the limit
set associated with the partial sums. As before, the FLIL for the random sums implies the

ordinary LIL, which we saw in part (b) implies the LIL for the partial sums.

To establish the FLIL for the cumulative process C(¢), we apply the moment condition on

Wi (f.). With .. noment condition, Propositions 6-8 imply that

(nLyn)™" max (W (f.)} > O0Owplasn— . (6.18)
1sksn

Then (6.16) and (6.18) imply that

(nLon)™" max (We(f)) > 0wplasn— o. (6.19)
1SkSN(n) +1

Given the FLIL for the random sums, (6.2) and (6.19) imply the FLIL for C(t).

Turning to the necessity for the cumulative process, we obtain the FLIL for the partial sums
by considering the times 7T(nt)/n. (The first remainder term is obviously asymptotically

negligible.) Hence, E| Y%( fey] < oo is a necessary condition. Since

we have the joint limit

IT(N(M))

(ann)-'/,(J'o"‘ fe(X(s))ds, R

fc(X($))ds) v (C,C) w.p.1  (621)

asn — oo in D[0, o) X D[0, ). Hence, the normalized difference converges to 0, i.e.,
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(nLyn)=" jr"('m) fe(X(s))ds = 0 in D0, o) w.p.1 a5 11 = oo (6.22)

or, equivalently, (6.19) holds, which in turn is equivalent to (6.18) given (6.16). By

Propositions 6-8. (6.18) implies the moment conditionon W, ( f,).
{d) WLIN

The stated conditions for the partial sums in Table 1 are known to be N&S; see Theorem 1 on
p. 235 of Feller (1971). By Proposition 10, the WLLN implies the FWLLN for the partial sums
in this setting. Alternatively, it is not difficult to show that the conditions are N&S for the
FWLLN directly. Since the FWLLN implies the WLLN, we only need demonstrate sufficiency.

Instead of (7.4) and (7.5) on p. 234, 235 of Feller (1971), we write

P( sup |Sqpy — my,| > nx) = P( max |S; - km,| > nx)
0<r<1 1sksn
+ P(Sy# S, forsome k, 1 <k<n)

E(X?)
< —21 +nP(X,] > sn)
)

using Kolmogorov's inequality in the second step. The rest of the argument is the same.

The FWLLN for the partial sums in turn implies the FWLLN for the random sums, by virtue
of a random-time change argument (as in §17 of Billingsley (1968) or §3 of Whitt (1980)). The
FWLLN for the random sums implies the ordinary WLLN. By applying the continuous
projection map at ¢+ = 1. (Alternatively, the WLLN for the random sums follows directly from

the WLLN for the partial sums; see Theorem 10.1 on p. 148 of Revesz (1968).)

Finally, the WLLN for the random sums is equivalent to the WLLN for the cumulative
processes by (6.2) and Proposition9. In particular, since |R,(t)] S Wy, R;(t)/t = 0 as

t = oo; Proposition 9 implies that R, (¢)/t = 0.

(e) FWLLN




The sufficiency for the partial sums and random sums follows from the argument in part (d).
Given the FWLLN for the random sums, the FWLLN for the cumulative process follows from the
extra condition on W, (f.), Proposition 5 with Z, = W, (f.) and ¢(1) = ¢, and (6.2). In
parucular, the extra condition on W, ( f.) and Proposition S imply that

1

n~" max Wi (f,) =>0asn > o« (6.24)
1sksn
or, equivalently,
n~' Wi (fo) = 0as n = o in D{0, «) . (6.25)

Then, by a random time change argument,
' Wyne1 (fe) = 0as n = o in D[0, ) (6.26)
of, equivalently,

n! max  (W(f)}=0an > o, (6.27)
LSKSN(m + 1

but, by (6.2),

1Sy = n" 1 C(nt “TWo +n7t W,(f)). (628
02‘521”" iy =R Cn)|} Sn™ Wy +n ‘Sk;n%)”{ (f)) (6.28)

We now turn to necessity. Given the FWLLN for the random sums, we obtain the FWLLN
for the partial sums by applying the converse to continuity for composition, i.e., Theorem 3.3 of
Whitt (1980). A direct application yields the FWLLN for the partial sums in D((0. «)), with an
open interval at the left, but this implies convergence in D[a, b] for all a and b with
0 < a < b < o, which in wr implies convergence in D[0, o) for the partial sums of i.i.d.
random variables. We have already seen that the FWLLN for the partial sums implies the

conditionon Y (f.).

Turning to necessity he cumulative process, first we apply a random time change

argument to get the FWLLN for the partial sums, which in turn implies the condition on Y, (f,).




In particular, n™' T(nt) = Afasn — e in D(0, o), so that

-1 J'T(m)

n“'Sp = n fe(X(s))ds = n"'Ry(n1) = 0 as n = o in D[0, =) . (6.29)

Finally, to establish the condition on W (f. ), we note that T(N(nt) = t as n — o in

D[0, o), so that

-1 nt T(N(nn)
n (jo fo(X(5))ds . jo fo(X(5))ds) = (0,0) as n — oo (6.30)

in D{0, ) x D[0, ) and

-1 ne T(N(nn) .
U fe X0 ds = T £e(X(5))ds] = 0as 1 —> o0 a5 1 = o in DI0, o) (631
which in turn implies that

n~! max W,(f.) < sup {n7}
0sis1

oo 3
0S kSN ))fc(X(s))ds|} =0an-> (6.32)

nt
IJ‘T(N(m

and then, reversing the argument from (6.24) to (6.27), we obtain (6.24), which by Proposition 5

implies the condition on W ( f,).
(H CLT

By p. 181 of Gnedenko and Kolmogorov (1968), E[¥Y3(f.)] < = and E[Y,(f.)] = O is
N&S for the CLT for the partial sums. Donsker’s theorem or Proposition 10 implies that this

condition is also N&S for the FCLT.

Given the FCLT for partial sums, we obtain the FCLT for random sums by a random time
change argument as in §17 of Billingsley. As usual, the FCLT for the random sums implies the
ordinary CLT for random sums by applying the continuous mapping theorem with the projection
at t = 1. Just as in part (d), the CLT for the random sums is equivalent to the CLT for the
cumulative process, because R (r)/\/? = 0 and Rz(t)/‘ft_ = 0 as t = oo, the last by

Proposition 9.
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(g) FCLT

The necessity and sufficiency for the partial sums and the sufficiency for the random sums

follows from the argument in part (. The rest of the argument is just as in part (e).

Acknowledgment. We thank Karl Sigman for helpful discussions.




~25-

References

Asmussen, S. (1987) Applied Probability and Queues. Wiley, New York.

Billingsley, P. (1968) Convergence of Probabiliry Measures, Wiley, New York.

Brown, M. and S. M. Ross (1972), Asymptotic properties of cumulative processes. SIAM J.

Appl. Math. 22, 93-105.

Chung, K. L. (1967) Markov Chains with Stationary Transition Probabilities, second ed.,

Springer-Verlag, New York.

Chung, K. L. (1974) A Course in Probability Theory, second ed., Academic Press, New York.

Ethier, S. N. and T. C. Kurtz (1986} +farkov Processes: Characterization and Convergence,

Wiley, New York.

Feller, W. (1971) An Introduction to Probability Theory and its Applications, Vol. I, second ed.,

Wiley, New York.

Glynn, P. W. and W. Whitt (1987) Sufficient conditions for functional-limit-theorem versions of

L = AW. Queueing Systems 1, 279-287.

Glynn, P. W. and W. Whitt (1988a) Ordinary CLT and WLLN versions of L = AW. Math Oper.

Res. 13, 674-692.

Glynn, P. W. and W. Whitt (1988b) An LIL versionof L = AW. Math. Oper. Res., 13, 693-710.

Gnedenko, B. V. and A. N. Kolmogorov (1968) Limit Distributions for Sums of Independent

Random Variables, revised ed., Addison-Wesley, Reading, MA.




Heyde, C. C. (1968) On the converse to the iterated logarithm law, J. Appl. Prob. S, 210-215.

Iglehart, D. L. (1971) Functional limit theorems for the queue GU/G/1 in light traffic. Adv. Appl.

Prob. 3, 269-281.

Revesz, P. (1968) The Laws of Large Numbers. Academic Press, New York.

Serfozo. R. F. (1972) Semi-stationary processes. Z Wahrscheinlichskeitstheorie verw. Geb. 23,

125-132.

Serfozo, R. F. (1975) Functional central limit theorems for stochastic processes based on

embedded processes. Adv. Appl. Prob. 7, 123-139.

Skorohod, A. V. (1957) Limit theorems for stochastic processes with independent increments.

Theor. Probability Appl. 2, 138-171.

Smith, W. (1955) Regenerative stochastic processes. Proc. Roy. Soc., Ser. A 232, 6-31.

Stout, W. F. (1974) Almost Sure Convergence, Academic Press, New York.

Strassen, V. (1964) An invariance principle for the law of the iterated logarithm. Z.

Wahrscheinlichkeitsth. 3, 211-226.

Strassen, V. (1966) A converse to the law of the iterated logarithm. Z. Wahrscheinlichkeitsth. 4,

265-268.

Whitt, W. (1972) Embedded renewal processes in the GI/G/s queue. J. Appl. Prob. 9, 650-658.

Whitt, W. (1980) Some useful functions for functional limit theorems. Marh. Oper. Res. S, 67-

8S.




~27-

| partial
limit sums cumulative process
theorem S, cw) = | fxes)ds
SLLN EIY],(OO +Ewl<oc
LIL E[Y\(f)') < oo + E{W \ (f)/LaW (f)] <
FLIL E(Y (fo)*) < o + EIW  (f /L2 W (f)] < oo

tP(|Yy] >1) =0
WLLN and 7
E(Y;|V | €t] 2 aast— o

tP(|Y | >1) =0
FWLLN and +1P(W(f,)>1) >20ast = oo
E[Y,;|Y)|St] Daas! =

CLT E{Y (f.)] <o ?

FCLT E[Y1(f:)*] < o +P2P(W(f)>1) 2 0ast > o

Table 1. Necessary and sufficient conditions for the processes to obey the indicated limit
theorem. For the established cumulative process results, the condition is the stated
one plus the condition for the partial sums at the left.
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